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Review

• outer measure ( Molko , µ( Ate Ii
,
tutti) if

AE Ii . Ai j
• (Caratheodory 's -1hm ) Let µ be an outer measure

Tvet
on X

.

Then ( X
,
Ma

, µ) is a measure space ,
where Mc = { E EX : E is te - measurable }

.

§ 2. a Topological and metric spaces .

• Topological space ,
• Metric spaces .

Prop .
2-3 Let ( X

,
M
, te) be a measure space ,

where X is a topological space and assume that

M Z f3× ( where §× is the Borel o- algebra
on X )



Then any continuous functor f :X → IR for pi )
is M - measurable

.

Pf . it open G- E IR Cor HII
, by continuity

,

f-
'

CG ) is open in X

hence f-
'
CE) e Bx EM . he. .

Def . ( Borel measure )

An outer measure pl on a topological space X
is said to be a Bone( measure if all Borel sets
are fl - measurable .

-

Prop 2.4 (Caratheodory 's criterion )
.

Let (x, d) be a metric space . Let µ be

an outer measure on X
. Suppose that µ satisfies

*I fill A U B ) = till A) 1- typo) if d (A , B) so
,

where d ( A , B) = inf { dcx , y ) : x c- A
,
ye B }

.



C. An outer measure µ satisfying # , is called a metric
outer )

Then µ is a Bond measure .

Proof . It suffices to show that all closed sets
in X are te - measurable .

Let A be a closed set
. We need to show

NC ) s µ( CNA) t te (CIA ) , ht Cc X
.

For ne NT
, define

An - { xt X : d ( x. A) Ent )
,

where d Cx , A ) : = Iif { da , y) : YEA }
.

Then An are closed
,
An b A

.

Notice that d ( A , An
' ) z th .

So

d for A , clan ) sent .

Hence µ(C ) z µ ( IA ) u ( Clan ) )
= NCAA) t NC Clan ) , t n .



Next we show that

(** I thing Metan) = NCAA ) ,
which implies pile ) Zhen A) t te (CIA)

.

To prove **I , define for KENT,

Rr = { x c- X i ftp.sdcx , A) Eth }
.

Then

An = A u ( En Rn ) with fighting .int
.

④""""H
,

i:÷÷÷ is:
' IN

l l l l l l
l
l

Then A
'
e Anc u ( Anta )



So

CIA - An) u (ca ft n IA ) )
= @fan ) u ( c n ⇐

n

Rr))
.

Hence

lakhA) E NHAN) -4 then#n

Rn))
.

To show that thing
.

H(CIA n ) Z NCAA)
,

it is enough to show

E.
,
then Rn) so

( which implies µ (en En Rn) → o as n→ is
.)

Notice that Rz
,
Ra
,

"

: Rah
,

. . -

,
have positive

distance between them
,



So are Ri
,
Rs
,
125 , - .

.

Hence

µCc)

zµ( @ Rs) U ( enka) u . . - Con Rak ) )
= µ( cnR4tMC@n.RelUn.n Ulcnlkk ))
= n n .

= µ( Cr Rs) t - n . -1 then Rzk ) .
Henie

Emlen Raa ) E MCC ) so .

RT

similarly

II , then Ram) steal so
co

Therefore 2- Her Rn ) Eiffel so
R=I Eh



§ 2.3 Locally compact Hausdorff spaces .

Def . A topological space X is said to be aHandoffs
peace if tf x

, y EX with XIY,

I open sets U and V such that

XEU
,

y EV and UAV = 0
.

Def . A topological space is said to be locallycompact
if f xt X ,

I an open U such that

XEU and J is compact .
' T
( closure of U )

.

Notation : X is said to be a LEHI
if X is a Hausdorff space and locally

compact .



Remake : • Rn is a KHS
.

• All compact metric spaces
are LCH S

.

Prop 2.5 .
Let X be a LCHS

.

Let k e G where k is compact ,
G- is open in X

.

Then I open V such that

K e V e J e G
.



-1hm 2.6 ( Ury Sohn 's lemma ) .

Let X beat CHS .

Let Ke G , k compact , G open .

Then there exists acts f : X → IR such that

• suppl f) e G

• o e f El on X

• fix , =L for all xek

where -

Supp (f) = { x : fail to } .

-1hm ay ( partition of Unity ) .

Let X be a KHS
.

Suppose K e
,
Gia

,

with Gn open
where k is compact .



There exist { 9.4¥ ,
e CCX )

,

such that

G. s Gj and G- =L on k

where G. sfj means that

① Supp @j ) E Gj ; and

② Of Cf. E t on X
.

§ 2-4 Riesz representation Thm .

• For a topological space X , let

Cdx) = { ft ( (x ) : Supp tf ) is compact } .

clearly
,
Glx) is a vector space .

( that is
,
aftbg EGG) if f, GEGCX )

and a , b E IR )



• A linear functional on a vector space
is simply a linear map from the vector

space to KR
.

• A linear functional A on Cc (X ) is
called positive if
nun

Aff ) so if f so .

Example : Let X be a topological space .

Let fu be a Borel measure on X
such that MK) so for all compact sets K

.

Define
Nf ) = § f dm ,

ttfecdx)
.



Then It is a positive linear functional
• n Cc(X )

.

Justification : It is easy to show the positivity and linearity of A .

Below we show that Nfl E H2 for ft Cc (X ) .

Let ft Cc (X) and K = Supp Cf ) .
Then K is compact .
Hence

sup Hail = sup I fall so
,

XEX xtk
It follows that

§ f- dm = Skf die .
and I Sk f du l E fk If I dm

E tfk) . sup Ifail
XEK

s w
.



Thin 2.8 ( Riesz representation Thm )
Let X be a Letts

.
Let A be

a positive linear functional on Cc (X )
.

Then I a Bond measure fl on X such that

µ is finite on every compact set, and

Nfl = f f dm ,
t ft CcCX )

.

• Before the proof, we construct a measure fu from A .

Let G- e X be non- empty and open . We define

µo(G) = sup { Nfl : f s G }
.

that

( Recall f s f meant c- GCX)
,

off El
,
Supp e G-

•

By Ury sohn Lem , I f C- Cdx ) such that far G)
Next set Ho ( O ) - o .



Now for any E E X
,
define

left ) = inf { Hoff ) : G is open, G o E }
.

Proof of Riesz representation -1hm ( Thm 28) :
first observe that

flo ( Gi ) E tho (Ga) for open set Gi , GL
with Gi e Gr .

As a direct consequence , we have

( i ) µ(G) = No (G) for open G- e X .

Cii ) tutti ) EMET if Ei e Ez .

Next we prove the theorem in 4 steps .

① µ is an outer measure
.

③ all Borel sets are te - measurable .

③ tells) so for compact K .



④ A (f) = ft dm , FEGCX)
.

Step I . µ is an outer measure
.

We need to show that

MEI E FINE; ) if Eeju ,
Ei
.

We may assume ¥,

M(Ej ) s w .

Let e > o . Pick open Gj o Ej such that

µ( Ej ) > Ho (Gj ) -÷ g 5=1,3 .
. .

Set G- = Gj .

Then G- is open .

Now we estimate feoff)
.

Let fs G .
Let K = Supp Cf ) .

Then K is compact .

since K e G = fi Gj , by ompaetyessk
,



I AT such that
N

K E U Gj .

5- I

Then by the theorem of partition of unity ,
7- Pjs Gj such that

N

E 9 . =L on K
.

j= ,
J

we obtain that

f- = ¥7 ,

f. G. on X
.

Hence

Nfl = ilxffq. )
E ¥7 ,

kilo (Gj ) (since fgs Gj)

E TE ,
Ho ( Gj ) .


